In the framework of the instanton vacuum model we make expansion over the current mass m and number of colors Nc and evaluate O(1/Nc, m, m/Nc, m ln m/Nc)-corrections to the dynamical quark mass M , the quark condensate qq , the pion mass Mπ and decay constant Fπ. There are several sources of these corrections: meson loops, finite size of the instanton distribution and the quark-quark "tensor" interaction terms. In contrast to the expectations, we found that numerically the 1/Nc-corrections to dynamical mass are large and mostly come from meson loops. As a consequence, we have large 1/Nc-corrections to all the other quantities. To provide the values of Fπ(m = 0), qq(m = 0) in agreement with χPT, we offer a new set of parameters ρ, R. Finally, we find the low-energy SU (2) f chiral lagrangian constantsl3,l4 in a rather good correspondence with the phenomenology.
I. INTRODUCTION
The spontaneous breaking of chiral symmetry (SχSB) is one of the most important phenomena of hadron physics. It defines the properties of all the light mesons and baryons. Using the general idea of chiral symmetry, the Chiral Perturbation Theory (χPT) was proposed in [1] for evaluation of the QCD hadronic correlators at low-energy region, where the expansion parameters are light quark current masses m and pion momenta p. The basic tool is the phenomenological effective lagrangian, which has a form of the infinite series in these parameters p and m. Naturally, the low-energy constants (LEC) of the series expansion are not fixed. Up to now they were extracted only from the experimental data. Recent progress in lattice calculations provide us with rough estimates of LEC. The main problem of lattice evaluations are the still-large pion masses M π available on the finite size lattices. QCD instanton vacuum model, often referred as the instanton liquid model, provides a very natural nonperturbative explanation of the SχSB [2, 3] . It provides a consistent framework for description of the pions and thus may be used for evaluation of the LEC.
Quasiclassical considerations show that it is energetically favourable to have lumps of strong gluon fields (instantons) spread over 4-dimensional Euclidian space. Such fields do strongly modify the quark propagation due to the t'Hooft type quark-quark interactions in the background of the instanton vacuum field. This background is assumed as a superposition of N + instantons and N − * Electronic address: Klaus.Goeke@tp2.rub. 
where ξ = (ρ, z, U ) are the (anti)instanton collective coordinates -size, position and color orientation. The most essential for the low-energy processes are the would-be quark zero modes, which result in a very strong attraction in the channels with quantum numbers of vacuum, appearance of the quark condensate and generation of the dynamical quark mass (see the reviews [2, 3] ).
The main parameters of the model are the average inter-instanton distance R and the average instanton size ρ. The estimates of these quantities are ρ ≃ 0.33 f m, R ≃ 1 fm, (phenomenological) [4] , (2) ρ ≃ 0.35 f m, R ≃ 0.95 fm, (variational) [5] , ρ ≃ 0.36 f m, R ≃ 0.89 fm, (lattice) [6, 7, 8, 9, 10] and have ∼ 10 − 15% uncertainty. Recent computer investigations [11] of a current mass dependence of QCD observables within instanton liquid model show that the best correspondence with lattice QCD data is obtained for ρ ≃ 0.32 f m, R ≃ 0.76 f m.
While in the real world the number of colors is N c = 3, since the pioneering work of t'Hooft [12] it is assumed that one can consider N c -counting as a useful tool, i.e. take the limit N c → ∞ and neglect the 1/N c -corrections.
In the instanton vacuum model N c -counting is naturally incorporated. The phenomenological set (2) is popular since in the leading order (LO) on N c it reproduces reasonable values for most of the physical quantities. This leads to rather consistent description of pions and nucleons in the chiral limit.
The main purpose of this paper is evaluation of O(1/N c , m, m/N c , m/N c ln m)-corrections to different physical observables. There are several sources of such NLO corrections:
1. At pure gluonic sector of the instanton vacuum model the width of the instanton size distribution is O(1/N c ). The account of the finite width leads to rather small corrections [13] . In the following we will check the accuracy of δ-function type of the instanton size distribution by direct evaluation of the finite width corrections.
2. The back-reaction of the light quark determinants to the instanton vacuum properties is formally controlled by N f /N c -factor [14] . It does not sizably change the distribution over N + + N − but radically change the distribution over N + − N − . Any m f = 0 leads to δ-function type of the distribution [14] . In the following we take N + = N − .
3. There are the quark-quark tensor interaction terms which are 1/N c -suppressed and thus are absent in the LO effective action. These terms correspond to nonplanar diagrams in old-fashioned diagrammatic technique.
4. The contribution of meson quantum fluctuations (meson loops) has to be taken into account.
In the first few sections we study the role of the meson loops which give the dominant contribution. At the end we also estimate the contributions of finite width of instanton size distribution, and above-mentioned tensor interaction term. We consider parameters ρ, R as free within their ∼ 15% uncertainty and fix them from the requirement F π,m=0 = 88M eV,m=0 = (255M eV ) 3 with account of NLO corrections, as it is requested by χPT [1] . We found the values
in agreement with the above-given estimates (2, 3) . Note that though the evaluation of the meson loop corrections in the instanton vacuum model is similar to the earlier meson loop evaluations [15, 16, 17, 18] in the NJL model, there are a few differences which should be mentioned:
1. As it has been already mentioned, the meson loop corrections are not the only sources of 1/N ccorrections in the instanton model.
2. Due to nonlocal formfactors there is no need to introduce independent fermion and boson cutoffs Λ f , Λ b . The natural cutoff scale for all the loops (including meson loops) is the inverse instanton size ρ −1 .
3. The quark coupling constant is defined through the saddle-point equation in the instanton model whereas it is a fixed external parameter in NJL.
In Section II, using the above mentioned assumptions and zero-mode approximation (see below), we calculate the quark determinant in the gluon background (1) and flavour vector v µ , axial-vector a µ , scalar s and pseudoscalar p external fields beyond chiral limit. Since the zero-mode approximation leads to a violation of the flavour local gauge invariance, we formally restore it by introducing the path-ordered exponents. The price of such restoration is the path-dependence. We show, however, that the quantities considered in this paper do not depend on the choice of the path (see Sec. X).
After that, we average the quark determinant over instanton collective coordinates as it was described in [19, 20, 21] , using smallness of packing parameter (
The simplest and the most important quark correlator is the quark propagator, since all the other observables are sensitive to its properties. In section III we calculate the dynamical quark mass M . We found in the instanton vacuum model that contrary to the large-N c expectations, the meson-loop corrections to M (m) are large (∼ 50%) even in the chiral limit. These corrections are intimately related to the equation for the coupling λ. Such corrections are absent in NJL-type models.
All meson-loop corrections to physical observables can be splitted into two parts: "indirect" (which are dominant and come from the dynamical mass shift) and "direct" (which are relatively small and thus obey 1/N ccounting rules.)
In sections IV-V A we calculate the meson-loop corrections to the quark condensate, pion mass M π and decay constant F π . From O(m, 1/N c ) corrections to the latter quantities in section VIII we extract the lowenergy parametersl 3 ,l 4 of the phenomenological GasserLeutwyler SU (2) f lagrangian [1] . These two constants are especially important for chiral perturbation theory [22, 23] since they relate the physical observables F π , M π with their parameters. In section IX we check that the chiral log theorems [1, 24, 25] are satisfied. In section X we demonstrate that our results are path independent. Appendix A contains explicit expressions of the nonlocal vertices of vector and axial currents. In Appendix B we give details of evaluation of finite width corrections, and in Appendix C we study the structure of the correlator j 
II. LIGHT QUARKS PARTITION FUNCTION IN EXTERNAL FIELDS
The light quark partition function Z[m, v, a, s, p] with quark mass m and in external vector v µ , axial-vector a µ , scalar s and pseudoscalar p fields is defined as
The basic assumption of the instanton model is that one can evaluate the integral in quasiclassical approximation, making expansion around the classical vacuum (1). The first evaluation of the partition function (5) was performed in Ref. [13, 14] in the absence of the external fields and in the chiral limit. The main purpose of the present paper is the extension of the result of [13, 14] to the case of nonzero quark mass m and external v, a, s, p fields. While inclusion of the spin-0 fields s, p is trivial, spin-1 fields v µ , a µ deserve special attention due to the nonhomogeneous transformation under flavour rotations. Following [13, 14] we split the quark determinant into the low-and high-frequency parts according to Det = Det high · Det low and concentrate on the evaluation of Det low , which is responsible for the low-energy domain. The high-energy part Det high is responsible mainly for the perturbative coupling renormalization. The starting point of our consideration is the zeromode approximation formulated in [13, 14, 26] 
Here the zero-modes Φ i,0 are also functions of the instanton collective coordinates ξ i . This approximation is good for small values of m (chiral limit) and indicates that the main contribution to the quark propagator is due to the zero-modes. The extension of (6) beyond the chiral limit was proposed in our previous works [21, 27, 28, 29] as
where
The advantage of this approximation is that it gives correct projection of S i to the zero-modes:
while the similar projection of S i given by Eq. (6) is valid only at m → 0 limit. Recently the quark determinant Det(p +Â i + im) = exp(Γ f ) was calculated in the field of a single instanton and beyond the chiral limit [30, 31] . The Γ f can be represented as Γ f = − ln mρ − 2Γ s , where we take the scale equal to 1/ρ. Here the first term is due-to the zero-mode. At small mρ the Γ s = 0.145873 + 0.5(mρ) 2 ln(mρ) − 0.0580(mρ) 2 . First, independent on m term was calculated at [32] . It is especially interesting for us the mdependent terms in Γ s . In the region mρ ∼ 0.2 (corresponding to the strange current quark mass) the third term is of order 0.2% of the second one and is negligible. So, the main problem is to reproduce the second term in Γ s . Simple calculations with using the Eq. (7) lead to the Γ s = (0.5 ln mρ + 0.0767)(mρ) 2 . Again, at the region mρ < 0.2 we may neglect by (mρ) 2 term. So, our approximation (7) leads to the main (mρ)
2 ln mρ-term in Γ s , which coincide with exact calculations [30, 31] in a sharp contrast to the zero-mode approximation (6) , which leads to Γ s = 0.
We use the notations
for the quark propagators in the instanton background (1) or individual instantonsÂ i and in the external flavour fieldsV =v +âγ 5 + s + pγ 5 , assumed to be weak. Our purpose is to evaluate the quark propagatorS, which is just the inverse of the argument of Det in (5) . We can expand the quark propagatorS with respect to a single instanton field A i :
Now we are going to make expansion over V and express S i via S i . Notice that the fieldV transforms nonhomogeneously. If we could evaluate S i exactly, the final result would be gauge-covariant. However, due to the zero-mode approximation expansion over V would kill the gauge-covariance of the propagatorS i . In order to preserve it, we introduce auxiliary field
and the gauge connection L i , which is defined as a pathordered exponent
where z i denotes an instanton position. The field
transforms according to
and thus expansion over it does not violate the gauge covariance. The propagatorsS i andS 0 in terms of the field V i have a form:
Expanding S ′ i overV ′ i and re-summing it, we get
Rearrangement of the Eq. (12) for the total propagator yields
It is natural to introduce
which has the same chiral properties as zero-mode function |Φ 0 . Theñ
From (21) we get
Introducing now the operator
where indices i, j refer to the number of instantons and f, g are flavour indices, it is easy to show that
Thus we have
whereB is the extension of Lee-Bardeen's matrix B [26] for the case of nonzero external sources (v, a, s, p) and current quark mass m. Certainly, in the limit of small m and zero sourcesB coincides with B.
Independent averaging of the Det low over instanton collective coordinates ξ, justified in the dilute gas approximation and performed with the help of fermionization [19, 20, 21] gives the desired light quarks partition function Z N [v, a, s, p, m]:
where the determinant is taken over the (implicit) flavour indices, and K is some inessential constant introduced to make the argument of logarithm dimensionless. From (33) one can clearly see that the contribution of the tensor terms is just a 1/N c -correction. For the sake of simplicity we will postpone consideration of the tensor terms contribution until the Section VII and concentrate on the first term in (32).
Next step is the bosonization of the interaction term
Here we are considering only the N f = 2 case, for which bosonization is an exact procedure, and take N + = N − , as discussed before. So, we get the partition function
or, integrating over fermions,
where,
is a color factor. Here Γ = {1, γ 5 , i τ , i τ γ 5 } correspond to the decomposition Φ = {Φ 0 , Φ} = {σ, η, σ, φ}, and
Notice that in (40) in contrast to the NJL model the coupling constant λ is not a parameter of the action but it is defined by saddle-point condition in the integral (29) .
Note that the partition function (40) is invariant under local flavour rotations due to the gauge links L in the interaction termṼ ±,f [ψ † , ψ]. However, instead of the explicit violation of the gauge symmetry due to the zeromode approximation (6,7), we have unphysical dependence of the effective action on the choice of the path in the gauge link L. In our evaluations we used the simplest straight-line path, though there is no physical reasons why the other choices should be excluded. In Sec. X we demonstrate explicitly that for the quantities evaluated in this article the path dependence drops out.
III. DYNAMICAL QUARK MASS
One of the main advantages of the instanton vacuum model is the natural description of the SχSB, which is signalled by non-zero vacuum quark condensate. The quark-quark interaction term (27) leads to the strong attraction in the channels with vacuum (and pion) quantum numbers. As a consequence, there appear the nonzero vacuum expectation σ of scalar-isoscalar component of meson fields Φ and related with it. For evaluation of the partition function Z[m], it is very convenient to use the formalism of the effective action [33, 34] Γ ef f [m, λ, Φ], defined as:
where for the sake of simplicity we dropped all the external currents which are not essential in this section, and the field Φ is the solution of the vacuum equation
Notice that the solution depends on λ, i.e. Φ = Φ(λ). Up to the Section V A it will be assumed that the only nonzero vacuum field is a condensate Φ = σ, which is independent of coordinates, so the effective action Γ ef f [m, λ, Φ] may be replaced with effective potential
In the leading order, the effective action just coincides with the action (41) . Shifting Φ → σ + Φ ′ and integrating over the fluctuations, we get for the meson loop correction
where µ(p) = m+M (p) and we introduced the dynamical quark mass
σ. It is convenient to introduce notations for the leading order meson propagators
and
With these notations vacuum equation (43) turns into
In the leading order (LO) over N c this equation simplifies to
The equations (48,50) completely define σ, σ LO as functions of λ. Using (50), we may cast (45) into the form
This replacement guarantees self-consistency of the 1-meson-loop approximation and complies with Goldstone theorem:
Notice that the pion propagator has a correct chiral pole if and only if the field σ satisfies the LO equation (50). Similar property is observed in NJL model (see, e.g., [15] and references therein).
There is an important difference between the instanton vacuum and traditional NJL-type models -the coupling λ is not an external parameter of the model, but is defined from the saddle-point equation. We have to integrate over the coupling λ in Eq. (42) to obtain partition function Z N . The saddle-point approximation for the result becomes exact in the large-N limit (see discussion of (29) above). The saddle-point equation for λ has a form
Notice that V 2 -term in (53) requires special attention.
Formally it is next to leading order correction, while numerically it is strongly enhanced (about a factor of 30 compared to the other 1/N c -corrections), which indicates the failure of the large-N c expansion in (53). If we solve the equation (53), expanding it in powers of 1/N c with the set of parameters (4), we'll get
Here and in the following M and m are given in GeV.
We can see that the meson loop correction M 1 is of comparable size with the LO term M 0 , so we can try to solve the equations (48,53) numerically in chiral limit and then evaluate the chiral corrections to it. (48,53). For the sake of comparison we also plotted the lattice data from [35] . From the first point of view our results are ≈ 30% higher than the lattice data. However, they are given in different gauges and on different scales. Since M (p) is essentially nonperturbative object, it is not very easy to rescale the data and make comparison. Rough estimates in perturbative QCD show that the discrepancy may be attributed to the scales difference. We may conclude that we have a qualitative correspondence between our model result for M (m)-dependence and unquenched lattice data [35] , as it was expected.
IV. QUARK CONDENSATE
The presence of the quark condensateis one of the most important properties of the QCD vacuum. Its value characterizes the SχSB. In the chosen framework we can extract it directly from the effective action taking derivative over the current quark mass [36]= 1 2 (54), obtained by the iterations (1/Nc-expansion) with the same accuracy. Data points are from [35] . Notice that the scale of the lattice data is 1.64 GeV , not ρ −1 ≈ 0.6 GeV .
where the first term is a contribution of the tree-level action and the corresponding vertex part V(q) is
Evaluation of (56) gives
The(m)-dependence is depicted on the Fig. 2 . We can see again that due to the chiral logarithm the mdependence is not linear and meson loops change the m−dependence of the quark condensate drastically.
Here and below we define as leading order (LO) the result calculated with the 1/N c -corrections dropped everywhere except in the mass M (m), which is taken from (55) without the last O(m/N c , m/N c ln m)-terms. As nextto-leading order (NLO) we define the contribution of the last two terms in (55) plus "direct" contribution of meson loops.
For the sake of comparison, we also plotted the value0 which one would get using LO formulae with the mass M 0 (m) taken from (54). Recall that the value qq(m = 0) = (255 M eV ) 3 , as well as F π (m = 0) = 88 M eV , was used as the input in order to fix the parameters (ρ, R) in (2) . In 
V. QUARKS IN EXTERNAL AXIAL-VECTOR FIELD AND PION PROPERTIES
The formalism of the effective action used in one of the previous sections may be successfully applied in the presence of the external axial-vector isovector field a µ = a i µ τ i /2. The general partition function (40) is reduced in this case to the form
The external field a µ can generate nonzero vacuum average φ = u and shift the value of the vacuum filed σ and saddle-point value λ.
In this paper we restrict ourselves to the case of the soft and weak external field a µ (q), which can be treated in perturbative fashion, and q ∼ M π ≪ ρ −1 . For the purpose of this paper it is sufficient to keep only O( a 2 µ , a µ ∂ µ u, ∂ µ u∂ µ u)-terms in (58). On general grounds, one can guess that the vacuum expectation value u ∼ a µ , whereas shifts of the vacuum field σ and saddle-point value λ are proportional to the second power of a µ . Using the saddle-point equation
and the vacuum equations
we may easily get that the shifts of σ , λ contribute only to O(a 4 )-terms and thus may be safely omitted in this paper.
In the leading order the effective action simply coincides with the classical S defined in (41) . Using vacuum equations (60), one may show that σ 2 + φ 2 = const. This inspires us to introduce a unitary matrix U with the properties
where σ is the value found in Section III. In this representation the vacuum meson field is represented as Φ cl = σ U .
In the next to leading order one has to take into account the fluctuations of the field Φ → σU + Φ ′ and integrate over Φ ′ . Meson loop contribution to Γ ef f has a form
where A 1,ij is of the first order in external field a and induced field u, and A 2,ij is of the second order in them. Then
Expanding (65) and collecting the terms a µ a ν , a µ ∂ ν u i and ∂ ν u i ∂ µ u j , after simple but very tedious evaluations it is possible to show that in agreement with chiral symmetry expectations, the structure of the effective action is
where the constants F ij differ only beyond chiral limit:
From (66,67) one can get that the two-point axialisovector currents correlator has a form:
We can see that M π has a meaning of pion mass and F π -pion decay constant. Numerically it is much easier to calculate F 2 π as a constant in front of δ µν -term in (68), taking u(x) = 0, a µ (x) = const (this corresponds to a µ (q ≈ 0)). Also, it is possible to show that the result of such evaluation is independent of the path choice in the transporter L (see Section X for more details). In a similar way, we can put a = 0, u = u(q) and evaluate in NLO the quantities F 2 uu and pion mass M π . Both quantities F π and M π naturally have the chiral log terms due to the pion loops contributions. The coefficients in these chiral log terms are controlled by the low-energy theorems [24] and are reproduced analytically in Section IX.
We can see that the specific structure of the Γ ef f (66) provides a check of the numerical calculations. Moreover, the chiral log theorems provide another check of the numerical calculations.
A. Pion decay constant Fπ from a 2 -term
The basic diagrams which contribute to this quantity in the leading order and in the next-to-leading order are shown schematically in the Fig. 3 and Fig. 4 respectively. Notice that in integration over φ the saddle-point is shifted to φ ∼ a µ , where the "proportionality" sign implies some nonlocal linear operator. All the vertices on these plots should be understood as a sum of the local and nonlocal parts, as it is explained in the Appendix A and in the Fig. 10 . m is given in GeV and the constant in front of O(m 0 ) is given in GeV 2 , the constant in front of O(m) is given in GeV . The F π (m)-dependence is shown in the Fig.5 . For the sake of comparison, we also plotted the value F π,0 which one would get using LO formulae with the mass M 0 (m) taken from (54). Recall that the value F π (m = 0) = 88 M eV , as well as qq(m = 0) = (255 M eV ) 3 , was used as the input in order to fix the parameters (ρ, R) in (2) . The comparison between the solid curve and the long-dashed one shows that the effect of the NLO-corrections grows with m and is about 40% at m = 0.1 GeV . 
B. Mπ from pion propagator
Effective action Γ ef f , Eq. (66) at a = 0 has a meaning of inverse π-meson propagator at small external momentum q ∼ M π with account of meson loops. For our purpose it is sufficient to have only the O(q 0 ) and O(q 2 ) terms.
The LO propagators of the mesons were defined in (45). The inverse pion propagator with account of meson loops is given by
where the function Q(p) was defined in (47), and the vertices are
FIG. 6: Diagrams corresponding to the last two meson loop terms in (70)
The value of the pion mass M π is defined as a pole position in the propagator (70). Now we would like to demonstrate that M 
In the next-to-leading order contribution of the first term in (70) is
where here and below
and the sign in the numerator of the first term is + for η, φ and − for σ, σ The vertex part V φ i (k, q = 0) in the second term of (70) may be rewritten explicitly as
The third term in (70) may be reduced to the form (77) whereV (k) equals
To eliminate the terms with double propagators in the third term, we follow the strategy used in [37] for pure NJL. Using explicit expressions for propagators, we can notice that
and (77) turns into
We can notice that coefficients (signs) in front of each of the terms in (84) may be rewritten as ci+1 2 . Finally after several simplifications we arrive to
We can see that the pion propagator Π −1 φ (0) ∼ m, i.e. the loop corrections do not violate the Goldstone theorem. Notice that the function V (k) is positively defined, so no unexpected poles should appear due to the term ∝
Evaluating in the next-to leading order. The M π (m)-dependence of the pion mass is shown on the Fig.7 . For the sake of comparison, we also plotted the value M π,0 which one would get using LO formulae with the mass M 0 (m) taken from (54). Altogether, for this observables the NLOcorrections turn out to be small. 
VI. FINITE WIDTH CORRECTIONS
In the previous sections it was assumed that the instanton size distribution has a zero width, i.e.
and all instantons have the same sizeρ. As it was shown in the early works of Diakonov, Petrov [5, 13] , this approximation is justified by the small parameter 1/N c , i.e.
For numerical evaluations we take the value
which follows from the two-loop size distribution of [5] Since we are interested in all 1/N c corrections, we must take the finite width into account. To do this, we must return to the formula (28) . Additional integration over ρ doesn't change the exponentiation procedure, and we get the standard 2N f -interaction term in the effective action S. However, for bosonization we should slightly modify the standard procedure. Here we consider only the case N f = 2 we are mainly interested in. For this case
where Φ(z, ρ) are pure mathematical objects (matrices). Thus the effective action turns into
where c is some inessential constant andK x,y (z, ρ) ∼ φ(x − z, ρ)φ(z − y, ρ). The LO vacuum equations which follow from (91) are
where Φ 0 (ρ) has the quantum numbers of σ. The unknown variables in these equations are parameter λ and function Φ(ρ). In general case these equations are very complicated and may be solved only numerically. However, for the case of small width we can make expansion over δρ 2 = ρ 2 − ρ 2 . In particular, we expand the functions Φ(ρ) andK(ρ) over (ρ −ρ), get a system of equations for the Taylor coefficients Φ i and λ. Solving these equations, we can restore the function Φ(ρ) (at least in the small vicinity ofρ), and after that evaluate the finite width contributions to all the quantities. Details of these evaluations are given in Appendix B. The final results for the corrections are
0.0024 − 0.020m + 0.019m
Substituting the numerical value (89), we get
Here m is given in GeV. Thus we can see that these corrections are relatively small, ≈ 5% for F If we define the mass M (p) of the constituent quark as
we can get the p-dependence shown in the Fig. 8 . We can see that for p = 0 the increase of the dynamical quark mass is δM/M = 10%.
M(p)
δM ( 
VII. TENSOR TERMS CONTRIBUTIONS
In this section we study contribution of the (1/N csuppressed) tensor terms to the axial currents correlator a µ a ν introduced in (30) . Notice that due to the identity (36) the fields J 
αβ effectively averages to zero if the vacuum is symmetric, N + = N − . For bosonization we use standard formula
Notice however one subtle issue which exists for the tensor fields. The field J µν is antisymmetric, J νµ = −J µν , thus not all the components are independent and this fact must be taken into account in bosonization to avoid double counting :
The above-mentioned antisymmetry must be also taken into account in all further differentiations over Φ µν . From (106) we get for the partition function
We can integrate out fermions and get
T r log p +v + i 2
where we have introduced external tensor source T µν . 
A. Contribution to the axial currents correlator
In this section we consider the contribution of the tensor mesons Φ µν to the axial currents correlator. This contribution may be represented as a Feynman diagram shown in the Fig.9 . Straightforward evaluation of the tensor-axial coupling is
and the total contribution of the diagram in the Fig. 9 is
Thus we can see that this diagram is just O(q 2 )-correction to the axial correlator. Since we are interested only in the LO over q 2 (evaluation of F π ), we should not evaluate this diagram.
VIII. GASSER-LEUTWYLER COUPLINGS
According to [1] , the low-energy constantsl i of the chiral lagrangian may be extracted from the O(m)-corrections to physical quantities, e.g.
where M π , F π are the pion mass and decay constants, m (118) were taken as input when we fixed the parameters ρ, R in (4) . Our values of (l 3 ,l 4 ) should be compared with the phenomenological estimates [22, 23] as well as lattice predictions [38, 39] given in Table I . 
IX. CHIRAL LOGS
Now we would like to discuss the chiral logarithms m ln m generated by pion loops in the effective action χP T MILC Del Debbio ETM Our [1, 23, 40] [41] et. al. [39] [42] prediction l3 2.9 ± 2.4 0.6 ± 1.2 3.0 ± 0.5 3.62 ± 0.12 1.84 l4 4.4 ± 0.2 3.9 ± 0.5 -4.52 ± 0.06 4.98 Γ ef f . First of all, we should notice that we are making not just a chiral expansion, but a double expansion over the 1/N c in large-N c limit and the chiral expansion over the quark mass m. We must take this fact into account when checking the theorems-we should keep only LO and the NLO corrections. Since chiral logs originate from pion loops, which are O(1/N c )-corrections, the general chiral log theorem in our approximation has a form
where γ is some specific numerical coefficient, and we took into account that F 2. Pion small-momentum q ≈ 0 region in pion loops ("direct" contribution). In this region pion propagator may be approximated as
vertices A 1,ij and A 2,ij -as constants (independent of q), so
So evaluation of the chiral logs is straightforward but tedious.
The first relation for the constituent quark mass M [15]
may be most easily obtained expanding the vacuum equation (53) and collecting 1/N c -terms.
Using (120) and the relations
we can check that chiral log in M 1 satisfies (122).
In completely the same way, expanding Eqs. (56) and using (122), we can obtain for the chiral log in quark condensate
Similar evaluation of the chiral logs in F π and M π yields
in correspondence with low-energy theorems [24] and large-N c expansion. From (125,126) we can immediately see that the chiral logs in the low-energy couplingsl i are correct [1] .
X. PATH INDEPENDENCE
In our evaluations for the sake of convenience we chose the straight-line path in the transporter (14) . Now we would like to demonstrate that the results of our evaluations are path independent, though on the intermediate steps we have explicit path dependence as a consequence of the zero-mode approximation (7). Let us consider first the difference of the path integrals over two contours: δ v µ dξ µ = v µ dξ µ . Due to Stock's theorem, this integral is reducible to the surface integral
where for the monochromatic field v µ (ξ) = v µ (q)e iq·ξ we have
Since we are interested only in O(q 0 )-terms, the field strength is zero and thus integral over any closed contour is zero
For evaluation of F π from the j
-correlator we can take a µ = const, which yields the path-independent result. Notice that the path independence exists only for small q, whereas for arbitrary q (e.g. for the "dynamical" magnetic susceptibility considered in [43] ) the path dependence exists and there is no other argument except simplicity why one should choose the straight-line path in the transporter (14) .
XI. DISCUSSION
The aim of our work was the study of the pion physics beyond the chiral limit in the framework of the instanton vacuum model. Table I ). This means that the instanton vacuum is applicable for understanding of the low-energy physics, at least on the qualitative level. Evaluation of the other LEC's is in progress.
-terms and restrict ourselves with this accuracy in this section. Then the L-factors may be rewritten as
where V µ (q) = v µ (q) + a µ (q)γ 5 ,V µ (q) = v µ (q) − a µ (q)γ 5 . The interaction vertices may be compactly rewritten in terms of the functions
In p-space Fourier expansions of these functions are In terms of these functions interaction terms may be rewritten as (Φ i (x) = Φ i (k)e ikx , integration over the dummy momenta k, q, q 1 , q 2 is implied) Due to chiral symmetry breaking field σ has nonzero vacuum expectation value (VEV). This generates momentum dependent constituent quark mass µ(p) and also generates new nonlocal vertices we should take into account in expansions over the fields Φ and currents v, a: 
APPENDIX B: FINITE WIDTH CORRECTIONS
In this section we give solution of the vacuum equations (92) in the small-width approximation. In this approximation we can make a systematic expansion to find the unknown function Φ(ρ) and parameter λ. We do not specify the shape of d(ρ), since all the finite width corrections will depend only on the width δρ 2 defined in (88). Expansion over δρ 2 is straightforward : 
Equations (B6,B8-B10) form a system of four equations with four independent variables φ 0 − φ 2 , λ. By definition,
Note that none of these variables is suppressed over δ. We can make the next step and expand over the variable δ: 
